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Why machine learning?



TECH

2017 is the year of Machine Learning. Here's why

B GAURAV SANGWANI | ©0

Machine learning is maybe the most sweltering thing in Silicon Valley at this
moment. Particularly deep learning. The reason why it is so hot is on the
grounds that it can assume control of numerous repetitive, thoughtless tasks.
It'll improve doctors, and make lawyers better lawyers. What's more, it makes
cars drive themselves.
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https:/ /www_linkedin.com /pulse/supervised-machine-learning-pega-decisioning-solution-nizam-muhammad

e Given: examples (training data)
Goal: predict on new samples, or discover patterns in data
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Learning from data

Data Algorithm Model

f(x

https:/ /www_linkedin.com /pulse/supervised-machine-learning-pega-decisioning-solution-nizam-muhammad

e Given: examples (training data)
Goal: predict on new samples, or discover patterns in data

e Statistics + optimization + computer science
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Learning from data

Data Algorithm Model

https:/ /www_linkedin.com /pulse/supervised-machine-learning-pega-decisioning-solution-nizam-muhammad

e Given: examples (training data)
Goal: predict on new samples, or discover patterns in data

e Statistics + optimization + computer science

e Training gets better with more training examples and more powerful
computers
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Large-Scale Machine Learning

p dimensions t tasks

n samples X y

Dataset examples:

Iris dataset: n =150, p=4,t =1

Cancer drug sensitivity: n = 103, p = 105, ¢t = 100

Imagenet: n = 14.109, = 60.103, t = 22.10°

Shopping, e-marketing n = O(10°), p = O(10%), t = O(10%)
Astronomy, GAFAMs, web... n = O(10°), p = 0(10%), t = O(10°)

11



Objectives for this lecture

1. Review several standard ML methods
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Objectives for this lecture

1. Review several standard ML methods

2. Discuss complexity of these methods
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Objectives for this lecture

1. Review several standard ML methods
2. Discuss complexity of these methods

3. Introduce some techniques to scale these methods to big/large
datasets
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Machine Learning problems and approaches
Dimension reduction: PCA
Clustering: k-means
Regression: ridge regression
Classification: logistic regression and SVM

Non-linear kernel methods
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Learning scenarios

ML develops generic methods for solving different types of problems:

e Unsupervised learning
Goal: learning from unlabeled data, exploring structure of the data
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14



Learning scenarios

ML develops generic methods for solving different types of problems:
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Learning scenarios

ML develops generic methods for solving different types of problems:

e Unsupervised learning
Goal: learning from unlabeled data, exploring structure of the data

e Supervised learning
Goal: learning from data samples and their labels, predicting labels
for new samples

e Reinforcement learning
Goal: learning by exploring the environment (e.g. games or
autonomous vehicle)

e Transfer learning
Goal: applying trained model to data of another type

14



Learning scenarios

@ Spam detection

Reinforcement
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source: fidle-cnrs

15



supervised learning

What is the
relationship
between

@ these data?

>47
b

Clustering :
Finding Common Relationships

Reduction:

Reduce the number of dimensions

Simplify
while
keeping
meaning

source: fidle-cnrs

Unsupervised

Reduction
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Supervised learning

Classification :
Predict qualitative informations

o X

Thisis a cat

Tell me,
whatis it ?

()
This is a rabbit

Régression :
Predict quantitative informations

ZEN
Tell me,
@_ what's the
BNa = price?
120KE 100 Ke

source: fidle-cnrs 17



Main ML paradigms

« Unsupervised learning
m Dimension reduction
m Clustering
m Density estimation
m Feature learning

« Supervised learning

m Regression
m Classification
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Main ML paradigms

« Unsupervised learning
m Dimension reduction: PCA
m Clustering: k-means
m Density estimation
m Feature learning

« Supervised learning

m Regression: linear (OLS), linear ridge regression
m Classification: logistic regression, SVM
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Why machine learning?

Machine Learning problems and approaches

Dimension reduction: PCA

Algorithmic complexity recap
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n X *" X

e Reduce the dimension without losing the variability in the data
e Visualization (k = 2, 3)

e Discover structure

20



PCA: motivation example

Genetic data of 1387 Europeans: PCA (k = 2)

7

\

o
Q
2

source: Novembre et al, 2008
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PCA: definition

e The k-th principal component wy,:
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PCA: definition

e The k-th principal component wy,:
m is orthogonal to all previous components

(W, w1) = (Wi, w2) =+ -+ = (W, we—1) =0
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PCA: definition

e The k-th principal component wy,:
m is orthogonal to all previous components

(Wi, w1) = (W, w2) = -+ = (Wg, Wg—1) =0
m captures the largest amount of variance

max w' X' Xw = max || Xw|?
lwl|=1 [|w||=1

(X X : empirical covariance of X (centered))
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PCA: definition

e The k-th principal component wy,:
m is orthogonal to all previous components

(Wi, w1) = (W, w2) = -+ = (Wg, Wg—1) =0
m captures the largest amount of variance

max w' X' Xw = max HXU)||2
lwl|=1 [|w||=1

(X X : empirical covariance of X (centered))
m Solution: w is the k-th eigenvector of X T X

22



PCA: complexity

e Memory: store X and covariance matrix X ' X: O(np), O(p?)
[ ]

m Compute X ' X:
m Compute k eigenvectors of X " X with power methods:

Computing the covariance matrix is more expensive than computing its

eigenvectors (n > k)!

Example
n =109, = 108

e Store X X: 10'® B = 9000 TB
e Compute X T X:
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The most powerful computers

The World’s Most Powerful
supercomputctenrs

System Puwer>
+Manufacturer  Max Performance (petaflops) Consumption (kw)
- -

@ E\Canitan,
HP Enterprise

Frontier,
HP Enterprise

@ Aurora,
HP Enterprise
@ Eagle,
Microsoft
® HPCB,
HP Enterprise

© Supercomputer
Fugaku, Fujitsu

To put this into perspective,

@Alrs iy tatlons Proe eapabla
HP Enterprise of 0.0167 petaflops

@M.
HP Enterprise

® Leonardo,
EVIDEN

Tuolumne
HP Enterprise

T VOronoi | where bata Tl the story T OB




PCA: complexity

e Memory: store X and covariance matrix X ' X: O(np), O(p?)
° :
m Compute X ' X:
m Compute k eigenvectors of X T X with power methods:
Computing the covariance matrix is more expensive than computing its

eigenvectors (n > k)!

Example

n=10% p =108

e Store X ' X: 10'® B = 9000 TB
e Compute X T X:

World's fastest computer (Nov 2024):

1,742 petaFLOPS (Floating Point Operations per Second) ~
1.7 x 10'® FLOPS

— 68 days!
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Why machine learning?

Machine Learning problems and approaches

Clustering: k-means

Algorithmic complexity recap
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Clustering: motivation

‘ &
& | Algorithm 1
S ag

Raw Data
st bt

e Unsupervised learning
e Group samples

e Reduce dimensionality
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k-means algorithm

e Dataset {z!,..., 2"} CR?
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k-means algorithm

e Dataset {z!,...,z"} CR?
e Find a cluster assignment ¢; € {1,...,k} foralli=1,....,n
that minimizes the intra-cluster variance:

n
min > [|lz* — e, %,
@
i=1

where the p;, 7 =1,...,k, are the centroids
1 i
g = ——— T

I e = Z:
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k-means algorithm

e Dataset {z!,...,z"} CR?
e Find a cluster assignment ¢; € {1,...,k} foralli=1,....,n
that minimizes the intra-cluster variance:

n
min > [|lz* — e, %,
@
i=1

where the p;, 7 =1,...,k, are the centroids

B e =3 Cz—J}H >

te@s=y

@ * o
* @
0..
. R . ® .
o + e +
» *
. S @
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k-means algorithm

e Dataset {z!,...,z"} CR?
e Find a cluster assignment ¢; € {1,...,k} foralli=1,....,n
that minimizes the intra-cluster variance:

n
min > [|lz* — e, %,
@
i=1

where the p;, 7 =1,...,k, are the centroids
=
T i
@ * .
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k-means algorithm

e Dataset {z!,...,z"} CR?
e Find a cluster assignment ¢; € {1,...,k} foralli=1,....,n
that minimizes the intra-cluster variance:

n
min > [|lz* — e, %,
@
i=1

where the p;, 7 =1,...,k, are the centroids
=
T i
@ * .
* +*
L 3 * *
+* * *
* *
. e .
L 2 »
* . * +*
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k-means algorithm

Lloyd’s algorithm (naive k-means)

e [nitialization:
Randomly select k centroids g1, ..., i
e |terations:

1. Assignment step: assign the points to their nearest centroids

Vi=1,...,n, ¢ < argmin.g k}H:ci — pel|

.....
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k-means algorithm

Lloyd’s algorithm (naive k-means)

e [nitialization:
Randomly select k centroids g1, ..., i
e |terations:

1. Assignment step: assign the points to their nearest centroids

Vi=1,...,n, ¢ < argmin.g k}H:ci — pel|

.....

2. Update step: update the centroids

Vizl,...,k‘, i —

> a2t

dees=y)

[{i:ei =3} Cz—J}H

29



k-means example

k=3
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k-means example

> Select 3 centroids at random

=3
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k-means example

> Assign each observation to the nearest centroid k=3
L L]
[ ] L]
L
* L] ..
. L
"] . .
L ..
L L]
s® o
e 8
° L]
® e o
e o °*
* L ]
. L]
L
L L]
L]
L]

32



k-means example

> Recompute centroids

k=3
L [ ]
L .
c... .
s * .
. . .
. K]
L [ ]
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e 8 o
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. 0.
[
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L]
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k-means example

> Re-assign each observation to the nearest centroid k=3
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k-means example

> Recompute centroids, and iterate process until convergence k=3
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k-means complexity

e Runtime:
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k-means complexity

e Runtime:

m Assighment step:

Vi=1,...,n, ¢ < argmin.g k}Hm’ — el

.....

36



k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

.....

Compute n X k distances in RP: O(knp)
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k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

Compute n X k distances in RP: O(knp)
m Update step:

Vi=1,...,k, p; < z*
T ira =4} C_J}H 2

eg=y]
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k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

Compute n X k distances in RP: O(knp)
m Update step:

Vi=1,...,k, p; < z*
T ira =4} C_J}H 2

eg=y]

Sum n values in R? for each centroid: O(knp)
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k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

Compute n X k distances in RP: O(knp)
m Update step:

Vi=1,...,k, p; < x*
T e =g C_J}H 2

eg=y]

Sum n values in R? for each centroid: O(knp)
m Do T iterations: O(kTnp)
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k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

Compute n X k distances in RP: O(knp)
m Update step:

Vi=1,...,k, p; < z*
Aacr c—y}uwz_]

Sum n values in R? for each centroid: O(knp)
m Do T iterations: O(kTnp)

e Memory:
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k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

Compute n x k distances in R?: O(knp)
m Update step:

Vi=1,...,k, p; < x*
T T c—y}uwz_]

Sum n values in R? for each centroid: O(knp)
m Do T iterations: O(kTnp)

e Memory:

m Store n cluster assignments and k centroids: O(n -+ kp)
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k-means complexity

e Runtime:

m Assighment step:
Vi=1,...,n, ¢ < argmin.cg  gylle" — pel

Compute n x k distances in R?: O(knp)
m Update step:

Vi=1,...,k, p; < x*
T T c—y}uwz_]

Sum n values in R? for each centroid: O(knp)
m Do T iterations: O(kTnp)

e Memory:

m Store n cluster assignments and k centroids: O(n -+ kp)
m Store X: O(np)

36



Why machine learning?

Machine Learning problems and approaches

Regression: ridge regression

Algorithmic complexity recap
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Linear regression: motivation
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e Predict a continuous output y € R from an input € R?
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Linear regression: motivation

e Predict a continuous output y € R from an input * € R?
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Linear regression

e Dataset:
S={(xYyl),..., (", y" )} CRP xR & X e R"*P y € R

39



Linear regression

e Dataset:

S={(zl,yl),...., (" y")} CRP xR & X e R"*P y ¢ R"
e Fit a linear function:

P
fo(x) =B @ =) Bz
j=1
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Linear regression

e Dataset:

S={(zl,yl),...., (" y")} CRP xR & X e R"*P y ¢ R"
e Fit a linear function:

P
fo(x) =B @ =) Bz
j=1

e Quality of fit is measured as a Residual Sum of Squares (RSS):

B°S = argmin RSS(B) = argmin Xz(yZ — fa(z))?
B B

i=1

= arg;gminlly - XB|?

39



Linear regression

e Dataset:

S={(zl,yl),...., (" y")} CRP xR & X e R"*P y ¢ R"
e Fit a linear function:

P
fa(@) =BTz =) Bjz;
j=1

e Quality of fit is measured as a Residual Sum of Squares (RSS):

Bos = Tt RS et > Y — fa(a?))?
=1
= argmin[|y — X8]*
8
e Solution:

EOLS — (XTX)_lXTy
(uniquely defined when X T X invertible)

39



Ridge regression

e Hoerl and Kennard, Ridge regression: Biased estimation for
nonorthogonal problems, 1970
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Ridge regression

e Hoerl and Kennard, Ridge regression: Biased estimation for
nonorthogonal problems, 1970

e Ridge regression minimizes the regularized RSS:

p
B\ridge — argmin Rss(ﬂ) + )\ZB?
B =1

40



Ridge regression

Hoerl and Kennard, Ridge regression: Biased estimation for

nonorthogonal problems, 1970

Ridge regression minimizes the regularized RSS:
B8 = argmin RSS(83) + )\ZB?
B j=1 ’

Solution:

B\ridge — (XTX 4 )\I)ilXTy

— unique and always exists !

Correlated features get similar weights
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Ridge regression

e Hoerl and Kennard, Ridge regression: Biased estimation for
nonorthogonal problems, 1970

e Ridge regression minimizes the regularized RSS:
B"9e® = argmin RSS(B) + A Z 6‘72-
e Solution:
ﬁridge _ (XTX + )\I)leTy
— unique and always exists !

e Correlated features get similar weights

e Regularization reduces overfitting by penalizing larger weights,
encouraging the model to prioritize simpler hypotheses

40



Ridge regression: limit cases

3 — (XTX + M) 'X Ty
Corollary
e As A\ — 0, Z")'\:dge — [BOLs (low bias, high variance)

Qridge

o As A — +o0, B3,°%° — 0 (high bias, low variance).

Régression ridge

—— fixed acidity
volatile acidity

—— ditric acid

—— residual sugar
chlorides

—— free sulfur dioxide
total sulfur dioxide
density
pH
sulphates

—— alcohol

Coefficient

41



Ridge regression: complexity

3% — (XTX +A)'X Ty

42



Ridge regression: complexity

Az\idge _ (XTX +A])_1XTy

e Compute XX + \I: O(np?)
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Ridge regression: complexity

3l — (XTX +A)'X Ty

e Compute XX + \I: O(np?)
e Invert XX + I (p x p matrix): O(p?)
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Ridge regression: complexity

Az\idge _ (XTX +A])_1XTy

e Compute XX + \I: O(np?)
e Invert XX + I (p x p matrix): O(p?)

When n > p, computing X ' X + A is more expensive than inverting it!

42



Ridge regression: choice of \

Prediction error

Y

Model complexity

43



Ridge regression: choice of \

e Data splitting strategies: cross-validation

a4



Ridge regressio

e Data splitting strategies: cross-validation

m Split the training set (of size n) into K equally-sized chunks

Training
Training
Training
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Training

Training

m K folds: train on K — 1 folds, test on the left out one
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Training

m K folds: train on K — 1 folds, test on the left out one
m Cross-validation score: average performance over the K folds

a4



Ridge regressio

e Data splitting strategies: cross-validation

m Split the training set (of size n) into K equally-sized chunks

Training
Training
Training

Training

m K folds: train on K — 1 folds, test on the left out one
m Cross-validation score: average performance over the K folds

e For selection of \: take a grid of values (Aq,...,Ay) and choose
the A\ with the best cross-validation score

a4



Ridge regression: choice of \

e Data splitting strategies: cross-validation

m Split the training set (of size n) into K equally-sized chunks

Valid Training

Training

Training

Training Valid

m K folds: train on K — 1 folds, test on the left out one
m Cross-validation score: average performance over the K folds

e For selection of \: take a grid of values (Aq,...,Ay) and choose
the A\ with the best cross-validation score

e Multiplies complexity by /7!

a4



Linear regression generalization: regularized learning

e Generalization of the ridge regression to any loss:

mﬁin % Zg(jﬁ(:cl) y') + AlBIP
i=1

45



Linear regression generalization: egularized learning

e Generalization of the ridge regression to any loss:

mﬁin % Zg(jﬁ(:cl) y') + AlBIP
i=1

e Empirical risk: R(B) = L S0 ¢(fs(x?), ")
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Linear regression generalization: />-regularized learning

e Generalization of the ridge regression to any loss:

mﬁin % Zg(fﬁ(iﬂl) y') + AlBIP
i=1

e Empirical risk: R(B) = 2 3", 4(fa(x?),y")
e If the loss is convex, then the problem is strictly convex and has a
unique global solution, which can be found numerically
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Linear regression generalizatio ularized learni

e Generalization of the ridge regression to any loss:

mﬁin % Zg(jﬁ(:cl) y') + AlBIP
i=1

e Empirical risk: R(B) = 2 3", 4(fa(x?),y")
e If the loss is convex, then the problem is strictly convex and has a
unique global solution, which can be found numerically

= coiit absolu
Loss examples 40 collt quadratique
cofit £-insensible
e Square loss : £(u,y) = (u —y)? N I . colt de Huber
— Ridge regression & \
220
e Absolute loss: £(u,y) = |u — y| S
e c-insensitive loss: £(u,y) = (Ju — y| —€)+ Lo
e Huber loss: mix quadratic/linear 00

-30 20 -10 00 10 20 30

y—f®
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Numerical solution: gradient descent

If the loss is convex, then the problem is strictly convex and has a unique
global solution, which can be found numerically

e |f we assume that the loss is
differentiable, then

?(V, JV)

J() > J(u) + VJ(u) " (v —u)

46



Numerical solution: gradient descent

If the loss is convex, then the problem is strictly convex and has a unique
global solution, which can be found numerically

e |f we assume that the loss is
differentiable, then

?(V, JV)

J() > J(u) + VJ(u) " (v —u)

e VJ(u) =0 < u minimizes .J

46



Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find
where its gradient is equal to 0

47



Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find
where its gradient is equal to 0

Algorithm:

e Pick ag randomly

J(@=0
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Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find
where its gradient is equal to 0

Algorithm:

e Pick ag randomly

e Keep updating

ar = a1 — aVJ(a_1) J'(a0) <0

ap @)=0
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Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find

where its gradient is equal to 0

Algorithm:
e Pick ag randomly

e Keep updating

ar = Ag—1 — O&VJ(CI,t_l) J’(ao) <0
e Stop when |VJ(a¢))| < e

47



Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find

where its gradient is equal to 0

Algorithm:

e Pick ag randomly

e Keep updating
at = az—1 — aVJ(at-1) J'(a0) <0
e Stop when |[VJ(a;))| < e

« — learning rate

47



Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find
where its gradient is equal to 0

Algorithm:
e Pick ag randomly
e Keep updating
ar = ai—1 — aVJ(a_1) J(a0)< 0
e Stop when |VJ(ay))| < e

« — learning rate

e if o is too small — the algorithm is very slow
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Numerical solution: gradient descent

Idea: to minimize a differentiable, strictly convex function J, we find

where its gradient is equal to 0

Algorithm:

e Pick ag randomly

e Keep updating

ar = AQg—1 — OéVJ((Lt_l) J'(ao) <0
e Stop when |[VJ(a;))| < e *
as ai

« — learning rate

e if o is too small — the algorithm is very slow

e if ais too big — a might oscillate around the minimum

47



Numerical solution: gradient descent

When to use gradient descent:

e Computing the analytical solution is too time-intensive
(e.g., Ridge regression)

e Analytical solution for V.J(a) = 0 does not exist

48



Numerical solution: gradient descent

When to use gradient descent:

e Computing the analytical solution is too time-intensive
(e.g., Ridge regression)

e Analytical solution for V.J(a) = 0 does not exist

NB!

If Jis not convex, we are not guaranteed to find a global minimum

(we may need multiple restarts)

48



Why machine learning?

Machine Learning problems and approaches

Classification: logistic regression and SVM
Algorithmic complexity recap
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Classification: motivation

e Predict data labels (categories)

e There can be 2 or more (sometimes many) labels

50



Classification: linear models

e Training set S = {(z!,y!),..., (2™, y")} CRP x {-1,1}
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Classification: linear models

e Training set S = {(z!,y!),..., (2™, y")} CRP x {-1,1}

e Fit a linear function
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Classification: linear models

e Training set S = {(z!,y!),..., (2™, y")} CRP x {-1,1}

e Fit a linear function

e Prediction for a new sample x € RP:

{+1 if fg(x) >0,

—1 otherwise.
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Classification: the 0/1 loss

e The 0/1 loss measures if a prediction is correct or not:

0 if y=sign(f(x))
1 otherwise.

lor (f(),9)) = 1(yf (@) < 0) = {
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Classification: the 0/1 loss

e The 0/1 loss measures if a prediction is correct or not:

loy1(f(x),y) = Lyf(x) <0) =

1 otherwise.

{0 if y = sign(f())

e Model is then tempting to learn fg(x) = 3" by solving:

-» ¢ AllBII?
é%ﬁznzm fa@).y)+ A8

regularization

misclassification rate
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Classification: the 0/1 loss

e The 0/1 loss measures if a prediction is correct or not:

loj1(f(x),y) = L(yf(x) < 0) =

) = {O if y =sign(f(x))

1 otherwise.

e Model is then tempting to learn fg(x) = 3" by solving:

-y |82
min Z on(fs(@®),y)+ A8l

regularization

misclassification rate

e However:

m The problem is non-smooth, and typically NP-hard to solve
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Classification: the 0/1 loss

e The 0/1 loss measures if a prediction is correct or not:

loy1(f(x),y) = Lyf(x) <0) =

1 otherwise.

{0 if y = sign(f())

e Model is then tempting to learn fg(x) = 3" by solving:

-» ¢ AllBII?
é%ﬁznzm fa@).y)+ A8

regularization

misclassification rate

e However:

m The problem is non-smooth, and typically NP-hard to solve
m The regularization has no effect since the 0/1 loss is invariant to
scaling of 3

52



Classification: logistic loss

e Alternative approach:
to define a probabilistic model of y parametrized by f(x), e.g.:

vye{-1,1}, P(y|f(=)) o(yf(z))

f— 1 j—
Tl teuf@
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Classification: logistic loss

e Alternative approach:
to define a probabilistic model of y parametrized by f(x), e.g.:

vye{-1,1}, P(y|f(=)) o(yf(z))

—_ 1 —_
Tl teuf@

10

08

06

04l

02

|
3 8

e The logistic loss is the negative conditional likelihood:

bogistic (f(x),y) = —Inp(y | f(x)) = In(1 + e*yf(-’v))
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Classification: Ridge logistic regression

e Cessie and Van Houwelingen, Ridge estimators in logistic regression,
1992

1 n iqT i
. _ ¢ —y'B = 2
B0 = 2 T A
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Classification: Ridge logistic regression

e Cessie and Van Houwelingen, Ridge estimators in logistic regression,
1992

1 n iqT i
. _ ¢ —y'B = 2
B0 = 2 T A

e Can be interpreted as a regularized conditional maximum likelihood

estimator
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Classification: Ridge logistic regression

e Cessie and Van Houwelingen, Ridge estimators in logistic regression,
1992
min J(8) = iln(l +e7A=Y) 0|82
BeRP n P
e Can be interpreted as a regularized conditional maximum likelihood
estimator

e No analytical solution, but smooth convex optimization problem
that can be solved numerically
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Newton-Raphson iterations

e Numerical method to minimize convex and differentiable J
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Newton-Raphson iterations

e Numerical method to minimize convex and differentiable J

e Gradient descent:
u =ui—1 — aVJ(ug_1)

where « is not constant
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Newton-Raphson iterations

e Numerical method to minimize convex and differentiable J
e Gradient descent:

Ut = Ut—1 — OéVJ(Ut_l)

where « is not constant
e Assume .J is twice differentiable
m Second-order Taylor's expansion:

J(0) 2 J(w) + VI () (v — 1) + %(v — W) TV2I(w) T (v — )
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Newton-Raphson iterations

e Numerical method to minimize convex and differentiable J
e Gradient descent:

Ut = Ut—1 — OéVJ(Ut_l)

where « is not constant
e Assume .J is twice differentiable
m Second-order Taylor's expansion:

JW) = J(u) +VJ(u) (v—u)+ %(1 —u) ' V2J(u)" (v—u) = g(v)
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Newton-Raphson iterations

e Numerical method to minimize convex and differentiable J

e Gradient descent:
u =ui—1 — aVJ(ug_1)

where « is not constant

e Assume J is twice differentiable

m Second-order Taylor's expansion:

T(0) % () + V@) (0~ ) + 50— ) V2w (0 w) = g(v)
® Minimum in v:

Vg(v) = VJ(u) + V2J(u) (v —u)
Vo) =0 v=u— (VJ(u) "VJ(u).
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Newton-Raphson iterations

e Numerical method to minimize convex and differentiable J

e Gradient descent:
u =ui—1 — aVJ(ug_1)

where « is not constant

e Assume J is twice differentiable

m Second-order Taylor's expansion:

T(0) % () + V@) (0~ ) + 50— ) V2w (0 w) = g(v)

® Minimum in v:

Vg(v) = VJ(u) + V2J(u) (v —u)
Vo) =0 v=u— (VJ(u) "VJ(u).

m Take o = (V?J(u; 1)) " in the gradient step
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Solving ridge logistic regression

1 <& Rl
min J = = In(1+e7¥P =) 4+ )32
i I(8) =3 31+ gl
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Solving ridge logistic regression

1 <& Rl
min J = - In(14+e¥P =) 4\ 2
(0= 3 )+ MBiB

e Solve with Newton-Raphson iterations
1 & ylat
Vel () =~ > TTar= T 20

i=1

= >y - Ba(y of))et + 228

=il
1< xixiTey'B @
2 — _ - -
vﬂ‘](/ﬁ) - n 4 - (1 +einBTwi)2 +2/\I
1=

1 <& ) L
== Pa(1|z*)(1 - Pa(1|a?))ziz'" +2AI
n

=il

56



Solving ridge logistic regression

1< el
inJ(B)==> In(l+e¥? =)+ )83
min S = 2 n(l+e )+ A8l

e Solve with Newton-Raphson iterations

B+ Bi—1 — [V%J(ﬁtfl)]_lvﬂj(ﬁtfl) 5
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Solving ridge logistic regression

1< el
inJ(B)==> In(l+e¥? =)+ )83
min S = 2 n(l+e )+ A8l

e Solve with Newton-Raphson iterations

B+ Bi—1 — [V%J(ﬁtfl)]_lvﬂj(ﬁtfl) 5

e Time complexity O(7'(np? + p?))
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Large-margin classifiers

e For any [ :RP — R, the margin of f on an (x,y) pair is
yf(x)
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Large-margin classifiers

e For any [ :RP — R, the margin of f on an (x,y) pair is
yf(x)

e Large-margin classifiers: maximize yf(x):
min}_ 6(y'fa(2") + A8 8
i=1

for a convex, non-increasing function ¢ : R — R+
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Loss function examples

<

— 0-1
4 — hinge
square
3l logistic
\\\
2 \\\
1 SN
L p— (;;\1 —
Loss Method o(u)
0-1 none 1(u <0)
Hinge Support vector machine (SVM)  max(1 — u,0)
Logistic Logistic regression log(1+e*)
Square Ridge regression (1 — u)?
Exponential Boosting e "
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How to choose

— 0-1
4 — hinge

square
3 \\ —— logistic
2 N

e Computation

m convex ¢ = need to solve a convex optimization problem
m Good choice of ¢ may allow fast optimization

e Theory

m Most ¢ lead to consistent estimators
m Some may be more efficient than others
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Linear SVM

e Boser, Guyon, and Vapnik, A training algorithm for optimal margin
classifiers, 1992

Ir&& Zmax()l y'BTz) + N8
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Linear SVM

e Boser, Guyon, and Vapnik, A training algorithm for optimal margin
classifiers, 1992

. 1— 1T .1 A 2
min EmaX(O, y'B z*) + B

e Primal problem is convex, but non-smooth
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Linear SVM

e Boser, Guyon, and Vapnik, A training algorithm for optimal margin
classifiers, 1992

Irelﬁlp Zmax()l y'BTz) + N8

e Primal problem is convex, but non-smooth

e Equivalent to Dual problem

n n
max 2 Z ; — Z ajapyty® (2 T k)
i=1

a€eR™
j k=1

. 1 )
such that 0 < y'a; < o fori=1,...,n and Zaiylzo.
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Linear SVM

w n
. . .T
e Solution: 8" = E ayxl fae(x)=pTx = E ajfa’ x

J=1 Jj=1
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Linear SVM

w n
. . .T
e Solution: 8" = E ayxl fae(x)=pTx = E ajfa’ x

J=1 Jj=1

Complexity (training) Complexity (predicting)
e Primal: O(np? + p3)
e Dual: O(n3 + pn?)
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Linear SVM

w n
. . .T
e Solution: 8" = E ayxl fae(x)=pTx = E ajfa’ x
i=1

j=1
Complexity (training) Complexity (predicting)
e Primal: O(np? + p3) e Primal: O(p)

e Dual: O(n3 + pn?)
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Linear SVM

w n
. . .T
e Solution: 8" = E ayxl fae(x)=pTx = E ajfa’ x
i=1

j=1
Complexity (training) Complexity (predicting)
e Primal: O(np? + p?) e Primal: O(p)
e Dual: O(n3 + pn?) e Dual: O(np)
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Why machine learning?

Machine Learning problems and approaches

Non-linear kernel methods

Algorithmic complexity recap
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Kernel methods: motivation

64



Kernel methods: non-linear mapping
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Kernel SVM

¢o:RP - H

e We have to use the dual form:

e Kernel k:

n n
max23 e = 3 asonii(aTot)
i=1 7,k=1
n
%%%220“ Z ajoy’ 7/ P(x ) o(x k)>?—t
« =1 7,k=1
k:RP x RP - R
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e k may be quite efficient to compute, even if H is a very
high-dimensional or even infinite-dimensional space
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e k may be quite efficient to compute, even if H is a very
high-dimensional or even infinite-dimensional space

e For any positive semi-definite function k&, there exists a feature
space H and a feature map ¢ such that

k(mv :13/) - <¢(m)v ¢(m/)>’H
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e k may be quite efficient to compute, even if H is a very

high-dimensional or even infinite-dimensional space

e For any positive semi-definite function k&, there exists a feature

space H and a feature map ¢ such that

e Kernels:

k(mv :13/) - <¢(m)v ¢(m/)>’H

Linear

Polynomial

Gaussian

Min/max

67



Non-linear mapping to a feature space

i +23 - R*=0 ®(z); + ®(x)2 — R?

2 12
K n o Xy Xy 272 2 12
(x,x') = 22 )0\ 2 = T1T1" + X537,
2 2 1

I
o
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Algorithmic complexity recap
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Method Memory  Training time  Test time
PCA O(p?) O(np?) O(p)
k-means O(np) O(npk) O(kp)
Ridge regression O(p?) O(np? + p3) O(p)
Logistic regression O(np) O(np? + p3) O(p)
SVM, kernel methods — O(np) O(n® + pn?) O(np)

70



Method Memory  Training time  Test time
PCA O(p?) O(np?) O(p)
k-means O(np) O(npk) O(kp)
Ridge regression O(p?) O(np? + p3) O(p)
Logistic regression O(np) O(np? + p3) O(p)
SVM, kernel methods — O(np) O(n® + pn?) O(np)

Things to worry about:

e Memory requirements
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Method Memory  Training time  Test time
PCA O(p?) O(np?) O(p)
k-means O(np) O(npk) O(kp)
Ridge regression O(p?) O(np? + p3) O(p)
Logistic regression O(np) O(np? + p3) O(p)

SVM, kernel methods — O(np) O(n® + pn?) O(np)

Things to worry about:

e Memory requirements
e Training time: usually can take place offline

e Test time: prediction should be fast
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Techniques for large-scale ML

e Take use of modern architecture:
how to distribute data and computation
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e Take use of modern architecture:
how to distribute data and computation

e Trade optimization accuracy for speed:
numerical solutions
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Techniques for large-scale ML

e Take use of modern architecture:
how to distribute data and computation

e Trade optimization accuracy for speed:
numerical solutions

e Use the deep learning tricks
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